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Abstract

This paper is introducing a new method for the approximation of real rational

functions via mixed-integer linear programming. The formulation of the linear ap-

proximation problem is based on the minimization of a suitable minimax criterion, in

combination with a branch and bound linear integer technique. The proposed algorithm

can be used in many rational approximation problems, where some coe�cients of the

rational function are required to take only integer values. The formulation of the

problem ensures always the global solution. The proposed algorithm was extensively

tested on a variety of problems. An analytical example is presented to illustrate the use

and e�ectiveness of the algorithm. Ó 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction

This paper is concerned with the problem of approximation of real rational
functions via integer linear programming. Many algorithms have been pro-
posed for the continuous linear programming case, where there is no condition
for the coe�cients to obtain integer values. The most important of them are the
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Pade approximation [1] and the Di�erential Correction algorithm [2]. A fast
linear programming method, for real Rational Function Approximation (RFA
algorithm) has been proposed by Papamarkos et al. [3,4]. Applications of this
algorithm for the design of IIR digital ®lters, image signature identi®cation and
optimal multithresholding of gray level images are described in [5±8]. An im-
portant extension of the RFA algorithm to the multirational function ap-
proximation is given in [9].

This paper extends the RFA algorithm to the case where some or all of
the coe�cients of the rational functions are integer variables. The new
technique is based on the formulation of an integer approximation problem
and on the branch and bound tree search technique [10]. The formulation of
the optimization problem and the algorithms used ensure the solution of the
problem and additionally that this solution is the global optimal solution. To
minimize the memory requirements of the integer programming problem we
use the Revised Simplex Algorithm (RSA) [11,12]. In addition, to speed up
the entire algorithm an estimation of the global minimum can be given in the
beginning of the tree search and this results in a signi®cant cut-o� of the tree
branches.

The new method was extensively tested on a variety of problems. Experi-
mental results show its e�ectiveness. In this paper, an analytical example,
which con®rms the e�ectiveness of the proposed method, is presented.

2. Description of the algorithm

The general form of a real rational function is

H�x� � A�x�
B�x� �

PN
j�1 aj

~Aj�x�
1�PM

j�1 bj
~Bj�x�

; �1�

where N and M are given integers, x is the vector of the independent variables,
aj and bj the unknown coe�cients to be determined, and ~Aj�x�; ~Bj�x� known
functions of x.

Let also the independent variables x belong to a sampling region S, i.e., xk 2
S with k � 1; 2; . . . ;K, where K is the total number of sampling points. The aim
of rational approximation is the determination of the unknown coe�cients aj

and bj such as some conditions to be satis®ed. These conditions are referring to
the optimization criterion and to the nature of the coe�cients values, i.e., if
these take only integer values or not. In this approach, the optimization cri-
terion used is based on the minimax criterion. Speci®cally, at every sampling
point k, the optimal criterion requires that

G�xk�j ÿ H�xk�j6 d 8xk 2 S and B�xk� > 0 �2�
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or

G�xk�
���� ÿ A�xk�

B�xk�
����6 d 8xk 2 S and B�xk� > 0; �3�

where d, a su�ciently small positive value.
To formulate the approximation problem, at each sampling point xk 2 S, the

variables n0k are de®ned through the following relation

G�xk�B�xk�j ÿ A�xk�j � n0k: �4�
Since we accept that B�xk� > 0 for every xk 2 S, the relation (4) may also be

written in the form

G�xk�
���� ÿ A�xk�

B�xk�
���� � n0k

B�xk� : �5�

From Eq. (5), it is clear that for a satisfactory approximation the quantities

d0k �
B�xk�
n0k

�6�

must achieve large positive values. If, therefore,

n0 � maximum
xk2S

fn0kg �7�

and

1

d
� maximum

xk2S

n0

Bk

( )
�8�

then, the approximation problem may be formulated as follows:

maximize d

subject to the constraints

G�xk�B�xk�j ÿ A�xk�j6 n0;

n0

B�xk� 6
1

d
for k � 1; 2; . . . ;K;

�9�

where n0P 0 and d > 0.
From the above formulation of the approximation problem, we can con-

clude that
· For every xk 2 S the following relations always hold:

G�xk�
���� ÿ A�xk�

B�xk�
����6 n0

B�xk� 6
1

d
: �10�

· The second set of constraints guarantees the positiveness of B�xk� for every
xk 2 S.
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· The approximation problem (9) does not have a linear form.
By using (1), the approximation problem (9) is rewritten in the following
form:

maximize d

subject to

G�xk� 1

 ����� �
XM

j�1

bj
~Bj�xk�

!
ÿ

XN

j�1

aj
~Aj�xk�

 !�����6 n0;

ÿ 1

 
�
XM

j�1

bj
~Bj�xk�

!
� dn0i6 0 for k � 1; 2; . . . ;K;

�11�

where n0P 0 and d > 0.
The approximation problem, as formulated in (11), is not linear, but it may

be converted to a linear one via the transformations:

n � 1

n0
;

b0j �
bj

n0
; for j � 1; 2; . . . ;M ;

a0j �
aj

n0
; for j � 1; 2; . . . ;N :

�12�

Now, using (12), the approximation problem is reformulated as

maximize d

subject to

Gk n

 
�
XM

j�1

b0j ~Bj�xk�
!
ÿ
XN

j�1

a0j ~Aj�xk�6 1;

ÿ Gk n

 
�
XM

j�1

b0j ~Bj�xk�
!
�
XN

j�1

a0j ~Aj�xk�6 1;

ÿ n

 
�
XM

j�1

b0j ~Bj�xk�
!
� d6 0 for k � 1; 2; . . . ;K;

�13�

where n0P 0 and d > 0.
The above problem (13) shows that the approximation problem (11) can be

easily linearized by using relations (12). If some or all of the function coe�-
cients must take only integer values then an integer approximation problem
must be formulated.
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2.1. Formulation of the mixed integer linear programming algorithm

The Mixed Integer Linear Programming Algorithm (MILPA) used is based
on a tree search technique and speci®cally on the branch and bound binary tree
algorithm. Fig. 1 shows the structure of a binary tree, where from each node
two branches are departed. Each branch of the tree ends into a ``child'' node.
The initial node is the root node and is the practical continuous solution of the
problem. At each node of the tree, a linear programming problem is solved in
which all the variables are considered to be continuous and where additional
linear constraints are embedded in the constraints of the original (initial)
problem. These constraints correspond to the speci®c path of the current node.
The entire tree technique is based on a systematic search of the tree nodes and
can be followed by di�erent tasks. In this implementation, the so-called pre-
order technique is used, which for the tree of Fig. 1 corresponds to the (AB-
CDEFGHIJKLMNO) path. The pre-order technique speeds up the entire
process by cutting branches of the tree. In addition, if a good estimation of the
®nal integer solution is known from the beginning, then the pre-order tech-
nique achieves the optimal solution faster.

The tree search technique is implemented by using a three-dimensional
matrix. This matrix de®nes for each node the additional linear constraints
that must be added to the initial problem. The ®rst column of this matrix
gives the consecutive number of the variables. The second column contains

Fig. 1. A typical structure of a binary tree.
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the constant values of the additional constraints. Finally, the third column
contains only the values ÿ1 or 1, which de®ne if the additional constraints
are of type 6 or P , respectively. To de®ne the end of the path, all the
elements of the last row of the matrix take the value ÿ5. For example the
following matrix

1 5 ÿ1

2 8 1

3 14 ÿ1

ÿ5 ÿ5 ÿ5

26664
37775 �14�

de®nes that we are in node E and that the constraints

x16 5

x2 P 8

x36 14

�15�

must be added to the original linear problem.
In each node, every integer variable produces two linear programming

problems. More speci®cally, if in a node ~xj is the value of the variable xj then
the solution set Q of the integer problem is divided into two sets Q1 and Q2

such as

Q � Q1 [ Q2 and Q1 \ Q2 � 0 �16�
with

Q1 � Q \ fxj: xj6 �~xj�g;
Q2 � Q \ fxj: xj P �~xj� � 1g;

where [x] denotes the integer part of x. Obviously, every solution of Q belongs
to Q1 or to Q2.

As it is analyzed, each node decomposes the problem to two new linear
programming problems, which correspond to the two ``child'' nodes. This top-
down process is ®nished when it is found a solution, which is

(a) an integer solution,
(b) a non-feasible solution,
(c) a non-limited solution,
(d) a non-integer solution, which is not better from a previous solution.
The integer algorithm described above cannot be applied directly to the

problem (13), because the variables of this problem are not the coe�cients of
the rational function but the coe�cients divided by the auxiliary variable n0. In
other words, we want integer values for the variables aj and bj and not
(or > for instead of) for the variables a0j � aj=n

0 and b0j � bj=n
0. However, if the
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tree search algorithm refers to the variables aj and bj, then, at each tree node,
additional constraints of the form:

aj6 p;

aj P p;

bj6 p;

bj P p:

�17�

can be transformed into the following form:

ÿqn� a0j6 0;

qnÿ a0j6 0;

ÿrn� b0j6 0;

rnÿ b0j6 0:

�18�

This form is suitable for the linear programming problem (13) and therefore
can be added to it. Doing this, at each tree node a linear programming problem
is solved in the following form:

maximize d

subject to

Gk n

 
�
XM

j�1

b0j ~Bj�xk�
!
ÿ
XN

j�1

a0j ~Aj�xk�6 1;

ÿ Gk n

 
�
XM

j�1

b0j ~Bj�xk�
!
�
XN

j�1

a0j ~Aj�xk�6 1;

ÿ n

 
�
XM

j�1

b0j ~Bj�xk�
!
� d6 0;

ÿ qn1
n� a0j6 0; qn2

nÿ a0j6 0; j 2 �1 . . . N �;
ÿ rm1

n� b0j6 0; rm2
nÿ b0j6 0; j 2 �1 . . . M �;

�19�

where qn1
; qn2

and rm1
; rm2

integers, n0P 0, d > 0 and k � 1; 2; . . . ;K.
It is noted that in the linear problem (19), the variables a0j and b0j are un-

restricted in sign. On the other hand, linear programming algorithms, such as
the RSA, require only non-negative variables. A simple way to overcome this
di�culty is to shift the variables by a suitable shift constant V > 0. Therefore,
if we de®ne
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pj � V � a0j for j � 1; 2; . . . ;N ;

qj � V � b0j for j � 1; 2; . . . ;M ;
�20�

then, the linear problem (19) is reformulated as

maximize d

subject to

Gk n

 
�
XM

j�1

qj
~Bj�xk�

!
ÿ
XN

j�1

pj
~Aj�xk� � dky6 1;

ÿ Gk n

 
�
XM

j�1

qj
~Bj�xk�

!
�
XN

j�1

pj
~Aj�xk� ÿ dky6 1;

ÿ n

 
�
XM

j�1

qj
~Bj�xk�

!
� d� hky6 0 y � 1;

ÿ qn1
n� pj6 V ; ÿqn2

n� pj P V ; j 2 �1 . . . N �;
ÿ rm1

n� qj6 V ; ÿrm2
n� qj P V ; j 2 �1 . . . M �;

�21�

where qn1
; qn2

and rm1
; rm2

known integers, n0P 0, d > 0 and k � 1; 2; . . . ;K.
All the variables are positive, and

hk � V
XM

j�1

~Bj�xk�; �22�

dk � ÿGkV
XM

j�1

~Bj�xk� � V
XN

j�1

~Aj�xk� � ÿGkhk � v
XN

j�1

~Aj�xk�: �23�

Problem (21) is the linear programming problem that must be solved in each
node. It corresponds to a total number of M � N � 3 variables and 3K � Dn � 1
linear constraints, where Dn is the number of the additional linear constraints in
the node n. Usually, M � N � 3� 3K � Dn � 1, which means that the linear
programming problem must be solved by its dual, using a method such as the
RSA.

According to the above analysis, the mixed integer linear rational approx-
imation algorithm consists of the following steps:

Step 1. The integer and continuous coe�cients are de®ned and the LRA
approximation problem (13) is formulated. If it is known from the beginning,
we can give an estimation of the global-integer solution.

Step 2. The LRA problem is solved as a continuous variable problem. Let X
the vector of variables that must take integer values in the ®nal mixed-integer
solution.
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Step 3. If all the elements of X are integers then the optimal integer solution
is found.

Step 4. A new linear programming sub-problem of the form (21) is for-
mulated and solved by the RSA.

Step 5. If the sub-problem does not have any solution or its solution is worse
than a previous solution, then go to Step 6. If the sub-problem has an integer
solution better than a previous integer solution then put Xin�X and go to Step
6. In any other case, go to Step 7.

Step 6. Move to the next node of the tree and go to Step 7. If all the nodes of
the tree are examined then go to Step 7.

Step 7. De®ne the additional linear constraints and go to Step 4.
Step 8. The optimal solution is found.

3. Example

The proposed method was successfully tested on a variety of approximation
problems. In this paper we use the MIRFA algorithm for the approximation of
the rational function with n�m� 3 coe�cients. The sampling data are pro-
duced from the rational function

f �x� � 4� 0:2x� 3x2

1� 2x� 0:8x2 � 4x3
�24�

in the rage [0,2]. Speci®cally, xk; k � 1; . . . ;K, with K� 30, equal spaced values
are used for the independent variable x, which from (24) produce 30 sampling
data for the function f(x). The values of f �xk�; k � 1; . . . ;K are truncated to
the ®fth decimal point.

The ~Ai�x� and ~Bi�x� functions have the following form

~Ai�x� � xiÿ1; ~Bi�x� � xi: �25�
The application of the RFA algorithm, after 22 loops, gives the following

continuous optimal solution

Obviously, the values of the optimal coe�cients are not exactly the initial of
(24) due to the truncating procedure.

The application of the MIRFA algorithm, with V� 100, gives the following
optimal integer solution:

d � 336215:824 n � 2:97428� 10ÿ6

a1 � 4:0 b1 � 1:99778

a2 � 0:200093 b2 � 0:799946
a3 � 3:00022 b3 � 4:00034
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Fig. 2. Approximation results.

Fig. 3. Final approximation error.
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Fig. 2 depicts the comparison between f(x) and the solutions of RFA and
MIRFA. Fig. 3 shows the ®nal approximation error in each sampling point.

4. Conclusions

This paper has introduced a method for approximation of real rational
functions via mixed integer linear programming. The proposed algorithm ex-
tends the RFA algorithm to the case where some of the function coe�cients
take integer values. The conversion of the RFA linear programming problem
to a mixed integer one, is not a simple task. Our approach is based on the
branch and bound tree search technique and on a suitable transformation of
the additional constraints produced on tree nodes. Thus, on each tree node a
linear programming problem is formulated and solved by using the dual form
and the RSA.

The formulation of the problem and the use of linear programming guar-
antees that the approximation problem has always a solution and that this
solution is the global optimal solution.
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